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The problem

Goal: to understand head specialization in multi-head
softmax attention.
Contributions: – A simple model for specialization;
– Characterization of the learning dynamics under popu-
lation gradient flow;
– Mitigation of the variance induced by redundant heads,
via alternative activation functions.

Probabilistic model of data

First, we sample hidden spikes (common for all se-
quences):

k∗f ∼ N
(
0, D−1ID

)
for f ∈ [F ]

Then, for each sequence, we sample relevant token in-
dex ϵ ∼ Uniform{1, . . . , L} and an effective sequence-
dependent direction:

k̂ =

F∑
f

θfk
∗
f where θ ∈ RF , θ ∼ Pθ

The sequence X and the label y are defined as:

Xℓ ∼ N
(
δℓ,ϵk̂, ID

)
for ℓ ∈ [L] , y = Xϵ

Attention model

A simplified model of sequence-to-token attention:

ŷσ,k,b,v(X) =
1

H

H∑
h

σ(χ, b, v;h)TX ,

χh = Xkh ∈ RL for h ∈ [H ] .

Learned parameters kh ∈ RD, b ∈ RH, v ∈ R.

Softmax. Standard activation in modern LLMs:

σ(χ, b, v;h)ℓ = eχhℓ/

L∑
ℓ′=1

eχhℓ′

Softmax-1.Leads to head deactivation when attention
scores are low (can be viewed as adding special zero token
to the sequence):

σ(χ, b, v;h)ℓ = veχhℓ/

(
ebh +

L∑
ℓ′=1

eχhℓ′

)
Bayes-softmax.Allows heads interaction, dynamically
rescaling importance of heads:

σ(χ, b, v;h)ℓ = eχhℓ+bh/

(
1

H

H∑
h′

L∑
ℓ′=1

eχh′ℓ′+bh′

)

Asymptotic characterization

We consider the limit D → ∞ and L, F,H = Θ(1).
The population loss can be expressed in terms of the or-
der parameters:

mhf = (kh)
⊤k∗f , qhh′ = (kh)

⊤kh′,

r = (q −mm⊤)
1/2,

for h, h′ ∈ [H ], f, f ′ ∈ [F ].

Eσ(k, b, v) =
1

D
EX,y

[
||y − ŷσ,k,b,v(X)||22

]
⇓

Ẽσ(m, r, b, v)

= Eϵ,θ,χ

 L∑
ℓ

(
δℓ,ϵ −

1

H

H∑
h

σ(χ, b, v;h)ℓ

)2


Equivalence between high-D and low-D gradient flows
on Eσ(k) or Ẽσ(m, r).

Unpecialized/specialized phases

In a first phase, the heads do not specialize and move collec-
tively towards the mean of the signal in a few time steps
τ = ΘD(1). The dynamics is controled by the gradient of the
loss in the direction of the mean signal.
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Fig. 2: Dots: numerical simulations at finite D = 104. Lines: theory. H = F = 2, σ softmax.

In a second phase, the heads specialize in other directions, in τ = ΘD(logD) time steps. The escape dynamics
from the unspecialized saddle is controled by the Hessian of the loss.

Head deactivation via alternative activations

When the weight distribution is not restricted to a half-space RF , the model with softmax
activation cannot achieve zero loss for any value of k, while there is a model with
softmax-1 activation that reaches zero loss in the limit of large signal.

Given the spikes {k∗f}f∈[F ] ∈ RF×D and a sequence X ∈ RL×D, the Bayes estimator of the
label is

ŷBayes(X, k∗) =

L∑
ℓ

P (ϵ = ℓ|X, k∗)Xℓ

P (ϵ = ℓ|X, k∗) =

∫
θ exp (k̂(θ)

TXℓ)e
− ||θ||22

2 Pθ(dθ)∑L
ℓ′

∫
θ exp (k̂(θ)

TXℓ′)e−
||θ||22
2 Pθ(dθ)

If the weight distribution has discrete support, Bayes-softmax achieves the Bayes risk.
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Fig.3. Error after
training. F = 4.
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Sequential specialization

The heads learn
the features f
sequentially,
from the ones
with the largest
signal Var θf to
the ones with
smaller signal.
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Fig. 4: Non-isotropic Gaussian distribution at F = 3. H = 8, σ softmax.
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